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Abstract 

The dynamics of a universe with an anti-gravitating contribution to the 
matter content is examined. The modified Friedmann equations are derived, 
and it is shown that anti-gravitating radiation is the slowest component to di- 
lute when the universe expands. Assuming an interaction between both kinds 
of matter which becomes important at Planckian densities, it is found that the 
universe undergoes a periodic cycle of contraction and expansion. Further- 
more, the possibility of energy loss in our universe through separation of both 
types of matter is discussed. 



1 Introduction 

During the last decades, experimental achievements in astrophysics provided us 
with new insights about our universe. The more precise our observations have be- 
come, the more obvious also the insufficiencies of our understanding have become. 
Today's research in cosmology is accompanied by the group of cosmological prob- 
lems, which strongly indicate that our knowledge about the universe is incomplete. 

In a previous work lH), a framework has been introduced to include negative 
gravitational sources into General Relativity (GR). Here, it is examined how these 
influence the evolution of the universe, which can provide a useful basis to address 
some of the cosmological problems. 

The proposed introduction of an anti-gravitating sector is a relaxation of the 
equivalence principle. The new anti-gravitating particles are defined through their 
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transformation behavior under general coordinate transformations, in which they 
differ from the usual particles. This leads to the introduction of a modified covariant 
derivate, followed by a modified equation of motion. 

The so defined anti-gravitating matter has a negative gravitational stress-energy, 
even though its kinetic energy remains positive. This theory therefore does not 
suffer from instabilities through decaying vacuum fluctuations. The gravitational 
energy acts as a charge, which can take either positive or negative sign. Since 
the interaction between both types of particles is mediated by gravity only, it is 
suppressed by the large value of the Planck scale, and naturally very weak at the 
present day. 

The proposal of a gravitational charge symmetry has previously been examined 
in Refs. lEl|3l|4l|5l|. Furthermore, there have been various approaches lISHTllSllQlfTOl 
fm fT2l fT3l (141 [TSl fT6 1 to include anti-gravitating matter into quantum theories as 
well as into GR. Also, the topic of negative energies has recently received attention 
within the context of ghost condensates 1.17. 18. 19. 20. 21 1. 

This paper is organized as follows: In the next section, the properties of the anti- 
gravitating matter are briefly recalled. In section|3l we solve the geodesic equations 
for both types of particles in the Friedmann-Robertson- Walker background, and 
derive Bubble's law. In sectionlHwe examine the evolution of the universe. After a 
brief discussion in section|6l we conclude in sectionlT] 

Throughout this paper we use the convention c = h = I. The signature of the 
metric is (—1,1,1,1). Small Greek indices K, v,£... are space-time indices. 



2 Definition of Anti-Gravitating Matter 

The unitary representations C/ of a gauge group G define the transformation be- 
havior of particle fields ^. For two elements of the group g,g', the representation 
fulfils 

U{g)U{g') = U{gg') , (1) 

and the field transforms as ^ ^ = f/ (g)^. From this, it is always possible to 
construct a second representation, defined by 

U{g) = {U{g-')f , (2) 

which belongs to the charge-conjugated particle. The anti-particle ^ transforms 
according to the contragredient representation, U, which is U{g) = U (g^^). 
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In case of a local symmetry, these transformations lead to the introduction of 
gauge-covariant derivatives in the usual way. Suitable combinations of particles 
with anti-particles allow to construct gauge-invariant Lagrangians. 

2.1 Transformation Properties 

From the above, one is tempted to conclude that there is no charge-conjugation for 
gravity. If the gauge-group is the Lorentz-group 50(3, 1), then the elements A fulfill 
A^^ = A^, which means that in this case the second representation U is equivalent 
to U. 

However, this does not apply when the field transforms under a general coor- 
dinate transformations G. Let ^ be a vector field and an element of the tangent 
space TM. Under a general coordinate transformation G, the field and its conjugate 
behaves as 

TM : ^^^' = G^ , TM* -.^ = WG^ , (3) 

where TM* is the dual to TM. 

The equivalence principle requires that the fields in the tangential space trans- 
form like in Special Relativity. I.e. if G is an element of the Lorentz-group, the 
fields have to transform like Lorentz- vectors. However, the generalization to a gen- 
eral coordinate transformation is not unique. Instead of Eq. Q one could have 
chosen the field to transform according to 

m :^-^^' = (G^)^^ . ^_^^ = ^G^ . (4) 

Here, the space TM is a vector-space which spans the basis for these fields, and 
TM * is its dual. In case G was an element of the Lorentz-group, i.e. G^ = G^, 
both representations (I3I4I) agree. For general coordinate transformations that will 
not be the case. Indeed, one sees in particular that the newly introduced fields will 
have a modified scaling behavior. 

For the following, it is convenient to introduce a map x which, in the vector- 
representation, is a vector-space isomorphism from TM to TM . For the map x : 
^ — x^ to transform adequately, = x'^', one finds the behavior 

x' = {G'^y^xG-^ . (5) 

It will be useful to clarify the emerging picture of space-time properties by look- 
ing at a contravariant vector- field as depicted in Figure [H This field is a cut in 
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Figure 1: Relations between the maps. The left side depicts the tangential and 
co-tangential spaces. The right side depicts the corresponding spaces for the anti- 
gravitational fields. 



the tangent bundle, that is the set of tangent spaces TM at every point of the mani- 
fold which describes our space-time. The field is mapped to its covariant field, 
a cut in the co-tangent bundle, TM* , by the metric tensor = ,?kv^^- 

The newly introduced field (from here on named anti-gravitating) transforms 
in the tangential space like a Lorentz- vector in Special Relativity. But it differs in 
its behavior under general coordinate transformations. 

In order not to spoil the advantages of the Ricci-calculus, it will be useful to 
introduce a basis for the new fields that transforms accordingly. Locally, the new 
field can be expanded in this basis 3k. These basis elements form again a bundle on 
the manifold, that is denoted with TM . To each of the elements of TM also a dual 
space exists, defined as the space of all linear maps on TM . This space is denoted 
by TM * and its basis as dx-. The map from TM_ to TM* will be denoted g , and 
defines a scalar product on TM . The relation between the introduced quantities is 
summarized in Figure [T] 

Note, that the underlined indices on these quantities do not refer to the coordi- 
nates of the manifold but to the local basis in the tangential spaces. All of these 
fields still are functions of the space-time coordinates x^. Also, the map g^, is 
not a metric on the manifold, and does not measure physical distances and angles. 
Instead, it is a scalar product on the underlined spaces. 

The transformation behavior in Eq. ^ together with the observation that in a 
local orthonormal basis both fields transform identical under local Lorentz-trans- 
formations, gives us an explicit way to construct x. We choose a local orthonormal 
basis e in TM, which is related to the coordinate basis by the locally linear map 
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Figure 2: Relations between the maps for fermionic fields. 



Ee = d. In this basis, the metric is just r\ and x is just the identity. One then finds x 
in a general coordinate system by applying Eq.® 

x={E^)-He-^ = {EE^)-^ . (6) 

An example for this is given in section IT^ 

The properties of the vector-fields are transferred directly to those of fermionic 
fields by using the fermionic representation and transformations. In this case, the 
map ( )^7^, instead of the metric, is used to relate a particle to the particle transform- 
ing under the contragredient representation, and the map relating the spinor-bundles 
is denoted with Xj (spinor indices are suppressed), see Fig. |2l With this notation it 
is 3^ = x,^. 



2.2 The Covariant Derivative 

It is now straightforward to introduce a covariant derivative for the new fields, 
in much the same way as one usually introduces the derivative for the charge- 
conjugated particles. We will use the notation V for the general-covariant deriva- 
tive and D for the general covariant derivative including the gauge-derivative of the 
fields. It is understood that the form of the derivative is defined by the field it acts 
on, even though this will not be noted explicitly. 

For an element Vy of TM*, besides the usual derivative VaVy, one can now ap- 
ply the composite derivative Xv~VotX\yK. or, using a more abstract notation xVx^^ 
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Similar considerations apply for elements of products of TM* and TM, or spinor 
bundles, with appropriate applications of the map x, or x^ respectively. 

One introduces the derivative in the direction of v on the basis in a general way 

by 

VvaK = r%^d^ , XK-VvxVa= (xK-x^er-vK)9e ■ (7) 

Note that the connection symbols do not transform homogeneously in the first and 
third index and therefore these indices can not be contracted with the x's. Alterna- 
tively, one can define the connection coefficients with respect to xVx^^ 

E VK ~ '^K~ E-T-VK ■ (8) 

The operators xVx^\ and x3x^^ fulfill the same commutation relations as V and d, 
which means in particular that F is symmetric in the lower two indices. To get an ex- 
plicit formula for these Christoffelsymbols one commonly uses the requirement that 
the covariant derivative on the metric itself vanishes ^xEvk = which assures that 
the scalar product is covariantly conserved. Similarly, we require Xy-x^" V^^ = 0. 

— 

From this one finds lUl the explicit expression 
or, with Eq.® 

r\, - ^^^(^^^^+V^VK^x^-^^Vay . (10) 

The use of the tetrad g^y = r[ijE'^E\, together with Eq.®, the definition = 

t\t\ gKM, and the above Eq. dTOb provides an explicit construction for the dynamics 
of the new fields. 

With these generalized covariant derivatives, one obtains the Lagrangian of the 
anti-gravitational field by replacing all quantities with the corresponding anti-gra- 
vitational quantities and using the appropriate derivative for the new fields to as- 
sure homogenous transformation behavior. One then finds additional possibilities 
to construct gauge- and Lorentz-invariant kinetic terms in the Lagrangian. E.g. for 
fermionic fields ^, besides the usual one can now also have ^x^^^x^^ = 

^P^, which is not identical to the first because the covariant derivative on x^ is (in 
general) non- vanishing. In case one considers operators with higher order deriva- 
tives, more choices become possible (see also section |51). 
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2.3 Geodesic Motion 

It is instructive to look at the motion of a classical test particle by considering the 
analogue of parallel-transporting the tangent vector. The particle's world line is 
denoted Xm{X), and the anti-gravitating particle's world line is denoted ^^(X) ^ 

In contrast to the gravitating particle, the anti-gravitating particle parallel trans- 
ports not its tangent vector = d)^/dX, but instead the related quantity in TM_, 
which corresponds to the kinetic momentum, and is = %,rt^- On the particle's 
world line x^QO), it is which is covariantly conserved. Parallel transporting is 
then expressed in evaluating the derivative in direction of the curve and set it to 
zero. For the usual geodesic, which parallel transports the tangential vector, one has 
?^Vv t'^ = 0, whereas for the anti-gravitating particle one has 

f x«„VvXk-^^ = , (11) 

which agrees with the usual equation if and only if the covariant derivative on x^" 
vanishes^. It is important to note that the tangent vector is not parallel transported 
along the curve given by the new Eq. (fTTT) . 

Using the covariant derivative Vy/.- = dvt_- + one obtains 

Jjc^ dx- dx-\ 

-^•(av^+F^ve-^ ) =0 , (12) 



dX \ dX - dX ^ 
and by rewriting ^^J = (dX/dx^) d/dX one finds the anti-geodesic equation 

This equation should be read as an equation for the quantity rather than an equa- 
tion for the curve. To obtain the curve, one proceeds as follows 

• Integrate Eq. ( [T?l once to obtain 

• Translate this into the geometric tangential vector = Xop?", 



'a word of caution is necessary for this notation: the underhned does only indicate that the 
curve belongs to the anti-gravitating particle; it is not related to the curve of the usual particle Xy. 

^One might wonder, whether these two curves for and are equal up to a mere re- 
parametrization dX dX of the curve. In such a case ^ P — dX/dXt^ which could only cor- 
responds to x\ being some scalar function times the identity. Such a scalar however, is fixed by 
the requirement that in a local orthonormal basis x is the identity, and therefore does not cause a 
reparemetrization. We will also see later that x is not in general proportional to the identity matrix. 
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• Integrate a second time with appropriate initial conditions to obtain x^. 

It is important to note that the equations of motion Eq. (fT3t are invariant under 
general diffeomorphism, provided that the quantities are transformed appropriately. 

2.4 The Equivalence Principle 

For a particle moving in a curved spacetime, it is possible to choose a freely falling 
coordinate system, in which the usual Christoffelsymbols vanish. However, this 
freely falling frame for the particle will in general not also be a freely falling frame 
for the anti-gravitational particle. Consequently, the Christoffelsymbols in Eq. dTOb 
will in general not also vanish in the freely falling frame of the usually gravitating 
particle. Both sets of symbols therefore will in general not be proportional to each 
other^. 

This explains how it is possible to have a relaxation of the equivalence principle. 
Locally, both particles experience an gravitational downwards pull like an acceler- 
ation in flat space. For the usual particle, inertial mass equals gravitational mass, 
and upward acceleration corresponds to a downward attractive gravitational pull. 
For the anti-gravitating particle, the inertial mass is the negative of the gravitational 
mass, and upward acceleration corresponds to a downward repulsive gravitational 
push. The first is realized for particles obeying the usual transformation properties, 
the second for particles obeying the transformation properties Eq.©. 

A scenario with negative gravitational masses is commonly believed to lead 
to inconsistencies. When neglecting an appropriate covariant derivative, a particle 
with negative gravitational mass must move on a geodesic in the field of a positively 
gravitating mass, since the curve is independent on the particle's mass. On the 
other hand, a particle with positive gravitational mass in the field of a negatively 
gravitating body is repelled, as one most easily concludes using the Newtonian 
limit. Taken together, the positive mass will attract the negative one, whereas the 
negative mass will repel the positive one. This - in the limit of two point particles - 
leads to a self-accelerating system. Such considerations go back to [6|, and can be 
resolved by noting that the curve of the negatively gravitating mass in the positively 
gravitating background is not a geodesic. In this case, like charges attract, unlike 
charges repel, and a self-acceleration can not occur. 

^In a globally flat spacetime, it is possible to choose ^ = r|. It is then also ^ = r|, and z — Id. In 
these coordinates, the derivative on x vanishes and the geodesic and the anti-geodesic curve agree. 
Since both curves are invariant under coordinate transformations, they will agree for every choice of 
coordinates in a globally flat spacetime. 
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Even though both particles on their own can not distinguish between acceler- 
ation in flat space and local gravitational effects, a pair of both can. In flat space, 
accelerating a pair of gravitating and anti-gravitating masses will not allow to distin- 
guish between both as only the inertial masses are involved. In a gravitational field 
however, the one will move in the opposite direction from the other. Therefore, 
the equivalence principle is not generalized, but relaxed: it holds for both particles 
separately, but not for both together when they can compare their ratios of inertial 
to gravitational mass. 



2.5 The Stress-Energy Tensors 

One finds the gravitational Stress-Energy Tensors (SETs) for the fields from varia- 
tion of the action with respect to the metric 



S = d''+^Xy/^[Gll+L+L] , (14) 




where G = l/Wp, ^ is the curvature scalar, L is the Lagrangian of usual fields, and 



L_ is the Lagrangian of the new fields. The source terms then take the form lHJ 
„vn, 1 



5^Kv 2 



^.g^^'L , (15) 



dL 1 



= -xV\ -f -g^x I . (16) 

Under a perturbation of the metric, the anti-gravitational fields will undergo a trans- 
formation exactly opposite to these of the normal fields as one expects by construc- 
tion. The x-functions convert the indices and the transformation behavior from TM 
to the usual tangential space. 

The Lagrangian Eq. dTib consists of the gravitational contribution and two types 
of matter. In the following it is assumed that the dominant type of matter in our 
universe is the positively gravitating one. We will not consider the question of a 
transition of one dominance to the other. As will become apparent later, this can not 
occur in the here examined case. 

If one considers the Lagrangian of the Dirac-field one has to formulate the ac- 
tion in form of the tetrad fields. The above used argument then directly transfers 
to the Dirac field through the properties of the anti-gravitational field under diffeo- 
morphisms. For the fermions, the SET then can be simplified inserting that the field 
fulfills the equations of motion ^ ^ = ^ ^ = 0. 
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Most importantly, one sees that the SET of the anti-gravitating field yields a 
contribution to the source of the field equations with a minus sign (and thus justifies 
the name anti-gravitation). This is due to the modified transformation behavior of 
the field components. However, we also see that the second term, arising from the 
variation of the metric determinant, does not change sign. Fermionic matter will 
therefore display different properties than radiation. This will turn out to be an 
important ingredient to the evolution of these fields in an expanding universe. 

The corresponding conservation law of the derived source terms which follows 
from the Bianchi-identities is as usual {T^v + T_y^) = 0. 

It is crucial to note that the kinetic SET as defined from the Noether current 
does not have a change in sign. Here, no variation of the metric is involved and the 
gravitational properties of the fields do not play a role. To clearly distinguish this 
canonical SET from the gravitational source term, the canonical SET is denoted 
with ©VK, whereas the above used T^^ is kept for the gravitational SET. 

The canonical SET for a matter Lagrangian L Vy^) from Noether's theorem 

is 

and is covariantly conserved Vv0\ = 0. Correspondingly, one finds the conserved 
current for the anti-gravitational field 

which is also covariantly conserved Vv0\ = 0. 

However, in general the quantities derived from Noether's theorem are neither 
symmetric, nor are they traceless or gauge-invariant. For GR, Belinfante's sym- 
metrized tensor is the more adequate one [22. .23. .241 which we will also use in the 
following. 

From the Noether current, one gets a total conserved quantity for each space- 
time direction K, which obey the conservation equations 

V^0vk + Xk-V^0^^ = O . (19) 

The form of the second term of Eq. dT^ is readily interpreted: when the anti- 
gravitating particle gains kinetic energy on a world line, the gravitational particle 
would loose energy when traveling on the same world line. The interaction with the 
gravitational field is inverted. 
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One thus can identify the anti-gravitating particle as a particle whose kinetic 
momentum vector transforms under general diffeomorphism according to Eq.©, 
whereas the standard particle's kinetic momentum transforms according to Eq.©. 

In the present low energy epoch of the universes evolution, the interaction be- 
tween gravitating and anti-gravitating matter is very weak. Since both types of 
matter repel, it is natural to expect that we live today in a sector of the universe with 
predominantly one type of matter. In this case, one can neglect the presence of anti- 
gravitating matter for most purposes and the here proposed framework reduces to 
the standard GR. However, the presence of anti-gravitating matter might be relevant 
at large distances, at high densities, and in strongly curved backgrounds. 

2.6 Example: Newtonian Limit in Schwarzschild Background 

To give an example, let us consider the familiar case of a particle moving in a 
Schwarzschild-metric with the line-element 

ds^ = -ydt^ + -dr^ + (dQ^ + sin^ Qd(^^) , (20) 

y 

with Y = 1 — 2M/r. Going to a local orthonormal basis yields 

E\ = {E\f = dmg{y^,^,l/r,l/{rsmQ)) , (21) 



and so 



x\ = diag(i Y,l/r2,l/(r2sin20)) , (22) 
diag(l, 1,1,1) , (23) 
diag(-^,Y,l/r2,l/(r2sin20)) . (24) 



We will consider a radially moving particle with = = 0. Since x is diagonal, 
we also have = = 0. Assuming a small velocity of the test-particle v/c ^ 1, 
and ? ~ A,, one approximates the geodesic equation as usual to 

f-^-x\r\ , (25) 

where a dot denotes the derivative with respect to t. With Eq.dTUt one computes the 
Christoffelsymbols of the anti-gravitating field (see Appendix A). Using these, one 
finds to first order in the Newtonian limit the expression 

t-^-\^r^_, = ^ + 0{r-') , (26) 
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Integrating once and converting the index results in the approximation 

M o 

f fti hO(r~'^)+ const. , (27) 

r 

r ^ +o(r-3) . (28) 

One sees that indeed the anti-gravitating particle is repelled by the gravitational 
mass of the background field. 



3 Hubble 's law 

We live today in a galaxy in which one gravitational type of matter is dominant. This 
local dominance, however, must not be identical to the global dominance. Though 
we have defined the globally dominating matter to be the 'positive' one, it is not 
a priori clear whether our galaxy is of the same type of matter. It is in principle 
possible that we are made of anti-gravitating matter, which, in a local surrounding 
of the same matter type, would be indistinguishable from being positively gravita- 
tional matter in a local surrounding of positively gravitating matter. Whether we are 
of the globally dominating matter type or not, one would expect this to reflect in 
cosmological observations. 

From analyzing the equations of motions of test particles as well as those of 
the cosmic fluid, we will in the following see that we are indeed of the dominating 
positively gravitating type of matter. 

Starting point is the usual assumption of an isotropic and homogeneous universe 
which leads to the general line-element of the Friedmann-Robertson- Walker metric: 

ds^ = -dt^ + a^{t) [dr^ + {dQ^ + sin^ Qd<f)] . (29) 

The Christoffel symbols of this geometry for both types of particles are given in 
Appendix B. Going to a local orthonormal basis one finds 

E\ = {E\f = diag{l,-,-,^r-^) , (30) 

a ar arsmG 



and so 



t\ = diag(l,^,^, \ ^ ) , (31) 
Tvy = diag(l, 1,1,1) , (32) 
= diag(-l,^,^, ^ ) . (33) 
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We will now examine the motion of the anti-gravitating photon. For a clear 
analysis, this is done parallel to the standard case. We will denote the momentum of 
the gravitating particle with and that of the anti-gravitating with l^, in accordance 
with the notation of the previous section. The curves differ in the fact that the one 
transports the usual tangential vector, whereas the other transports the vector which 
is subject to the new transformation behavior. 

By assuming a radial motion one can simplify the equations of motion with 
f9 = = = = 0. With use of Appendix B, the geodesic equations read 

^t' = -adit'-f (34) 

A^f = _2^rV , (35) 
dk a 

whereas the anti-geodesic equations take the form 



= ^(tSf (36) 

t'- = l-th'- . (37) 
a 



dX 
d 

dl 



One solves Eqs. (l34b . (l35b with 



0):=^^ = ^ , ^'-=^ , (38) 
a{t) a{ty 

where is some constant initial value. To solve the equations of motion of the 
anti-gravitating particle, one makes an ansatz as powerlaw for the kinetic energy 
= c,a", which yields in Eq. (l36t 



tJ^ = CiVna"^' , (39) 

where we have used that dt = x\dt_ = dt_ from Eq.dSTt. Plugging this into Eq.dSTt 
one obtains n=\ and therefore has the solution^ 

= Ci a{t) , tj- = Ci a{t)^ . (40) 

From this one defines the red shifts for both types of photons in the usual way as 

- "° 1 , z = ^-l . (41) 



a{t) ~ ao 



^Note that this implies f '' = c;, and so gKvi*^C — 0^ which assures that dX is a constant of motion. 
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Now let us examine Hubble 's law. We make the expansions 



a(?) 



- l-HoAt--qoH^At + 0{Af) (42) 
"0 = 1+//oA,-//o'A?(i + |)+o(a3) , (43) 



(44) 



with At = to — t and the standard definitions 



Hq^— , qo = ^ (45) 

One then finds to first order 

z = HQAt , z=-HoAt . (46) 

We see that the redshift goes into a blueshift and vice versa. Since we observe a 
redshift of the light from far galaxies, two conclusions are possible: 

1 . We are standard matter, then the universe is currently expanding with Hq > 0. 

2. Or we are anti-gravitating matter, then universe is currently shrinking Hq < 0. 



4 Cosmology 

To draw further conclusions, it is necessary to examine the evolution of the uni- 
verse. We will formulate everything in the kinetic quantities, p,p for the usual 
particles, and p,p for the anti-gravitating particles. These quantities are positive in 
the common way. We define them in the comoving restframe and have as usual 

0^/^ = diag(p,4,^, 2 2^- 2 J (47) 
©^'^ = diag(p,4,^, 2 2~ 2a ) ' ^"^^^ 



and 



= diag(^,4^42^ 2 2~ 2 J ' (50) 
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where the gravitational energy-density ^ and the gravitational pressure % fulfill an 
unknown equation of state. 

The SET of usual fermionic matter (denoted with the upper index m) is identical 
to the kinetic SET 

^jmyv ^ ^^myv ^ diag(p"^, 0, 0, 0) , (51) 

whereas for the anti-gravitating matter one has according to Eq. (fT6b 

(©m^^v ^ diag(p-, 0,0,0) , (52) 
^^myv _ -diag(p'", 0,0,0) . (53) 

For radiation (denoted with the upper index r), we use Belinfante's symmetrized 
kinetic SET 



(O--)^^ = ^F^^F," + -^g^^'F'^F^ 



which is traceless (0"^)^ = 0' ^^^d one concludes that also the anti-gravitating matter 
has the ordinary equation of state for the kinetic quantities 

p = 3p . (55) 

The anti-gravitating matter therefore does not behave like a Quintessence field. 

Further, it is insightful to examine the ^-component of the conservation law for 
the kinetic SETs Eg.dT^ 

Vv0'"+x'kVv0''- = O . (56) 
The first term yields the usual contribution 

a,p + 3^(p+p) . (57) 

Since x is diagonal and x^^ = 1, it is furthermore sufficient to evaluate the expression 

Vv0^^ = a,0^^+r^e0^^+r\,0^^ . (58) 

From Eq. (l48b with Eq. dBTT) one has 

0^^ = XK%^'^ = diag(p,p,p,p) . (59) 
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Inserting the Christoffelsymbols from Appendix B, one finds that the second term 
in Eq. (l58t changes sign, and Eq. (l56t takes the form 

dt[p + p)+3^(p + p+p-l) =0 . (60) 

Let us first examine the case of pure matter fields. Then, the above equation 
simplifies to 

a,(p'" + p™)+3^(p™ + p'") =0 . (61) 

But one also has the Bianchi identities 

= Vv ((0"")^' - (0"^)^') 

= a,(p--p-)+3^(p--p-) . (62) 

These together with Eq. (l6lT) imply that both densities are separately conserved with 
the usual conservation law 

= a^pm + S-p"" (63) 
a 

= a^p-^ + S-p"^ . (64) 
— a— 

This means in particular that the energy density of anti-gravitating matter p™ also 
dilutes with the volume ~ l/a^. 

For radiation, the situation is slightly more complicated. Examination of Eq.dSOb 
for purely anti-gravitating radiation, p"" = p"" = p™ = 0, yields 

= dtp' + 2-p' . (65) 
— a— 

This is solved when p"" dilutes with ~ l/a^. This fits very nicely with the result 
of the previous section that the energy of anti-gravitating radiation experiences a 
blue shift instead of a red shift. One then expects the energy density to scale like 
EjV ^ajc?. One can thus draw the important conclusion that the kinetic energy 
density of anti-gravitating radiation dilutes slower than those of anti-gravitating 
matter. This scaling behavior can not directly be used for the cosmological evo- 
lution, since the quantities that enter the Friedmann-equations are the gravitational 
ones ^, X, whose properties remain to be investigated. This however, allows us to 
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discard the second possibility of the previous section. Apparently, the matter we 
consist of is not radiation dominated. 

In general, one will be faced with a mixture of gravitating and anti-gravitating 
components. To approach the problem, note that from Eq. (fT6b one has the relation 

{Try+m^=^^L , (66) 



or 



One can further use 



And rewrite this into 



a \— 

In particular, for radiation one finds from this 



I = -P + L (67) 
X = -P-:L (68) 



^4 + 3^(^ + 2c)=0 • (69) 



dtp + 3-{p + p) =dtL . (70) 



dtL! = 2-p' , (71) 



a- 



and thus l/ = — p\ and further = — 3%*^. Therefore, one can conclude that also the 
gravitational energy of the anti-gravitating radiation scales like l/a^ and behaves 
like a curvature component. It consequently enters the Friedmann-equations as a 
curvature term does and underlies similar experimental constraints. Inserting these 
results one obtains the modified Friedmann-Equations 

(S) - -tip-^^-h-^) 

(p-2p) . (73) 



2 

a J 



dy _ SnG 



5 Early Universe 

To investigate the processes in the early universe, one has to keep in mind that 
the Lagrangian Eq. (fT?l) should be interpreted as low-energy approximation of some 
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underlying theory. At Planckian temperatures, higher order terms can become im- 
portant, which will provide an interaction between gravitating and anti-gravitating 
matter fields. The strength of this interactions will typically grow with a power of 
the temperature over Planck mass T /nip. Such higher order interaction terms might 
e.g. take the form 

~ . (74) 

However, the structure of these higher order terms, as well as the particle content 
of the full theory are unknown. Therefore, we will aim to discuss the consequences 
on a general thermodynamical level by adding an exchange term Q for the kinetic 
energies, which becomes relevant at Planckian densities, and leaves the total kinetic 
energy conserved. 

For such a coupled gravitating and anti-gravitating relativistic fluid, the conser- 
vation equations can then be written in the form 

a,p+4-p = -e(p,p) , (75) 

a a — 

dtP + 2-p = --e(p,p) . (76) 
— a— a — 

The easiest choice for the exchange term is 

e(p,p) = ^pp , (77) 

with some dimensionless constant X of order one. When the energy density of usual 
matter dominates that of the anti-gravitating matter, then the interaction term should 
diminish it during a contraction with a < 0, and so it is sign(?i) =sign(p — p) > 0. 
With this, the Eqs. (I75I76I) can be formally recast by attributing a time-dependent 
equation of state to the fields with 

1 I 

w = jp for the usual, and (78) 

3 m^ — 

1 I 

w = — -H — jP for the anti-gravitating matter. (79) 
3 

The Friedmann equations then read (compare to Eqs. (l72l73l) ) 

- ^(p-.p) 

(S) ^ -^(p-^«P'P)) • 
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These equations can be investigated qualitatively. Suppose an initial density dis- 
tribution with p, — 2p . = p/ > 0, and d > 0. In case the interaction term is negligible, 
p will drop faster than p and the expansion has a bounce when p = 2p is reached. 
In case the interaction term is not initially negligible, one sees from Eq.dT^ that p 
always dilutes, and so will the additional term in Eq. dTSt . Therefore, both correc- 
tion terms in Eq. (l78l79l) can eventually be neglected, and the previous case applies. 
The anti-gravitating fluid acts then essentially like a positive curvature term, and a 
turning point is reached, at which the expansion stops. 

From thereon, the universe goes into a contraction phase with d < 0. p increases 
again, and does so faster than p. Both densities pass the initial configuration with a 
time-reversed d. 

When p comes close to Planckian densities, one sees from Eq.(l79l) that its pres- 
ence will increase the w of the anti-gravitating matter, and p will eventually increase 
faster than p. When p also reaches Planckian densities, it will furthermore slow the 
increase of p. That is, both densities will again approach each other. 

Eq. dTSt shows that the interaction will re-distribute kinetic energy of the gravi- 
tational field into the anti-gravitating matter, thereby increase djp and decrease dtp. 
However, unlike the usual scenarios, the energy of the anti-gravitating field makes a 
negative gravitational contribution. Therefore, d can go from a positive to a negative 
values when p has increased to 

4 

mz 

Further approach of both densities results in reaching another turning point at 
Planckian densities, with p = 2p. From then on, the universe goes again into an 
expanding phase with positive acceleration, until it reaches the initial configuration 
we started from (which might have had either positive or negative d, depending 
on the initial values). Taken together, the evolution is a periodic cycle. The maxi- 
mal/minimal extension that can be reached in this cycle depends on the initial values 
of p,:, p . and the corresponding a,;. 

A special case occurs for the initial values p, = 2p. = 2mp/ (3?i), for which all 
quantities remain constant. 

Figure |3] shows some numerical results of the integration of these equations, 
with initial values p, of order m^, di = and X = 1, which confirm this qualitative 
investigation. One sees that for typical initial values with P;/p. of order 1 — 10, the 
oscillation period is of order a few Planck times. The larger the fraction of usual 
matter, the longer it will take until the anti-gravitational matter becomes important 
and the returning point it reached. 
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Figure 3: Time evolution of the scale parameter a (left), and of the energy densities 
(right) of usual (solid) and anti-gravitating (dashed) matter. The horizontal axis 
shows the dimensionless quantity x = t^JSnG/S. Here, the initial value dt was set 
to zero, and X= I. From the top to the bottom the intial value of is 1, 0.5, 0.2 
x(87rG/3)-2. 
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6 Discussion 

The fact that anti-gravitating radiation is the slowest to dilute, and that it should 
become important only in the late stages of the universes expansion, requires that 
its initial density is much smaller than that of usual matter. This problem is similar 
to the coincidence problem in the context of a Cosmological Constant. 

However, an important fact to keep in mind is that an initially homogeneous 
distribution of the gravitating and anti-gravitating fluid is unstable under perturba- 
tions, since the two kinds of matter want to separate. Small overdensities around 
the Planckian density of the discussed type will not lead to large deviations from the 
initial configuration, and the system will attempt to wash out perturbations through 
the strong interaction between both fluids. Large perturbations however, can lead 
to a drop of temperature and reaction rate, that lasts too long to enable return to the 
initial configuration. Both types of matter can then separate into spatially distinct 
regions which predominantly consist of one type of matter. It is therefore natural to 
identify the universe we currently experience as one such region with a dominantly 
positively gravitating matter content. 

Thus, the scenario investigated in the previous section applies for small pertur- 
bations in an initially Planckian density. For large perturbations, the evolution will 
attempt to break out of the oscillation at a maximum value of a. 

To incorporate the two kinds of matter into the description one can treat the 
gravitating and anti-gravitating matter as (spatially separated) homogenous distri- 
butions whose densities are time dependent. The anti-gravitating matter will be 
repelled from a positively gravitating fluid and be attracted by the anti-gravitating 
one, and vice versa. Though the overall energy density is covariantly conserved, 
energy flux will result in additional local source terms for both fluids, arising from 
the flux through the boundary. 

Most importantly, the kinetic energy attributed to our universe is not necessarily 
conserved any longer. In the process of repelling the anti-gravitational matter and 
attracting the usual matter, the universe experiences an increase of the usual energy 
density. In particular, this increase will also increase the acceleration relative to the 
standard cosmological model. 

Such a scenario can most intuitively be realized in a higher dimensional space 
time, as e.g. examined in E51 . In this case, our universe can be described as a 
3-1-1 dimensional submanifold with dominantly gravitating matter, beneath which 
dominantly anti-gravitating sub-manifolds might be present. The scale parameter a 
will not only be a function of t but also a function of the coordinates in the extra 
dimensions (in the simplest case one extra dimension). In the limit of infinitesimally 
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thin branes, a has to fulfill the common jump conditions associated with strongly 
localized layers of charges. It would be interesting to further investigate the detailed 
properties of such a scenario. 

One should also note that the content of anti-gravitating matter in our universe 
will never vanish completely. Even though the interaction between both types of 
matter is suppressed by the Planck scale, it will always take place. 

7 Conclusions 

We have studied the influence of anti-gravitating fields on the cosmological evolu- 
tion. An examination of the geodesic equation for the anti-gravitating photon in a 
Friedmann-Robertson- Walker background showed that this particle experiences a 
cosmological blue shift instead of a red shift. 

Furthermore, we have derived the modified evolution equation of the universe. 
These have additional source terms arising from the anti-gravitating fields. Together 
with the stress-energy conservation, these equations determine the evolution of the 
universe. We have shown that the anti-gravitating matter density dilutes with the 
volume of the universe ~ 1/a^ and thus, like usually gravitating matter. The anti- 
gravitation radiation, however, dilutes due to its blueshift with ~ l/a^. In contrast 
to Quintessence or a Cosmological Constant, it was shown that the anti-gravitating 
matter has a usual thermodynamical equation of state. 

We have examined the evolution in the early universe with a strong interaction 
between both kinds of matter at Planckian densities. It was shown how such a 
scenario leads to a periodic cycle which includes a phase of accelerated expansion. 
We also briefly discussed an extension of the scenario, in which both types of matter 
separate on submanifolds in extra dimensions. 
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A 

The Christoffelsymbols for the anti-gravitating particle in a Schwarzschild-metric 
can be computed using Eq.lfTDI). The coordinates are r,f,0,(|), and we use the nota- 
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tion Y= 1 -2M/r. 

pl — _ _ pi _ _ 

^ ~ y ^2 ' ^ ee - ^ ' ^ - ^ 
pi _ _ 1 - p^ - 

1 COS0 A ^, • 2n 

r-^Q = - sine cos . (83) 
All other entries are zero. 



B 

The Christoffelsymbols for the gravitating and anti-gravitating particle in a FRW- 
background with metric element Eq. ( l29l) are 



And 



T\.j. = ad , T'qq = adr^ , = adr^ sin^ 



a 
a 



rr — pj- _ pe _ pQ _ p'l' _ 

^ tr — ^ rt — ^ tQ— ^ Q — ^ tif~ ^ iSft 

r'ee = . r''^0 = -'-sin^0 

T-e _ r6 — r'l' — r*!' — ^ 

= -sin0cos0 , rt„ = rte = cot0 (84) 



p£ ^ pr . p£ 1 

1 — 7 rt — — , t Of) — 

pr _ ^ pi — _^ pi — _1 

i^e 2- T-e T-e 
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■pi 1 ^ COS0 ^ a 

T-f^^ = —acir^ s'm^B , P-^i,^ = — rsin^G , F-^q = — sinGcosG (85) 
where d = dta. All other entries are zero. 

References 

[1] S. Hossenfelder, Phys. Lett. B 636 (2006) 119-125 [arXiv:gr-qc/0508013J . 

[2] A. D. Linde, Phys.Lett. B 200, 272 (1988). 

[3] A. Linde, [arXiv:hep-th/021 1048|. 

[4] J. W. Moffat, | |arXiv:hep-th/0507 0201. 

[5] D. E. Kaplan and R. Sundrum, [arXiv:hep-th/0505265|. 

[6] H. Bondi, Rev. Mod. Phys. 29, 423-428 (1957). 

[7] I. Quiros, [arXiv :gr-qc/041 1064|. 

[8] A. Borde, L. H. Ford and T. A. Roman, Phys. Rev. D 65, 084002 (2002) 
[arXiv:gr-qc/0109061|. 

[9] P C. W. Davies and A. C. Ottewill, Phys. Rev. D 65, 104014 (2002) 
[ iarXiv:gr-qc/0203003J . 

[10] S. Ray and S. Bhadra, Int. J. Mod. Phys. D 13, 555 (2004) 
[tarXiv:gr-q c/0212120i . 

[11] D. E. Rosenberg, | |arXiv:astro -ph/0008 1 66 1 . 

[12] D. F. Torres, G. E. Romero and L. A. Anchordoqui, Mod. Phys. Lett. A 13, 
1575 (1998) [arXiv:gr-qc/9805075] . 

[13] V. M. Zhuravlev, D. A. Kornilov and E. P Savelova, Gen. Rel. Grav. 36 (2004) 
1719. 

[14] V. Faraoni, Phys. Rev. D 70, 081501 (2004) [arXiv:gr-qc/0408073J . 



Cosmological Consequences of Anti-gravitation 



25 



[15] F. Henry-Couannier, Int. J. Mod. Phys. A 20, 2341 (2005) 
|arXiv:gr-qc/0410055|. 

[16] C. Nickner, [arX iv:gr-q c/0603005|. 

[17] N. Arkani-Hamed, P. Creminelli, S. Mukohyama and M. Zaldarriaga, JCAP 
0404, 001 (2004) [a rXiv:hep-th/0312100| . 

[18] N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, JHEP 0405, 
074 (2004) I arXiv:hep-th/03 120991. 

[19] N. Arkani-Hamed, H. C. Cheng, M. A. Luty, S. Mukohyama and T. Wiseman, 
[arXiv:hep-ph/0507120|. 

[20] R. B. Mann and J. J. Oh, |arXiv:hep-th/0504T72|. 

[21] A. Krause and S. P Ng, [ arXiv:hep-th/0409241 |. 

[22] S. V. Babak and L. P Grishchuk, Phys. Rev. D 61, 024038 (2000) 
(arXiv:gr-qc/9907027J. 

[23] R. E. G. Saravi, J. Phys. A 37 (2004) 9573-9586, [arXiv:math-ph/0306020]. 

[24] M. Forger and H. Romer, Ann. Phys. 309 (2004) 306-389, 
[arXiv:hep-th/0307199|. 

[25] C. van de Bruck, M. Dorca, C. J. A. Martins and M. Parry, Phys. Lett. B 495, 
183 (2000) [ arXiv:hep- th/0009056|. 

[26] R. G. Cai, Y. g. Gong and B. Wang, JCAP 0603, 006 (2006) 
LarXiv:hep-th/0511301J . 



